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^ ■ Abstract 



There exists the well known approximate expression describing the large time be- 
haviour of matrix elements of the evolution operator in quantum theory: < U{t) >~ 
CS| ■ exp(at). This expression plays the crucial role in considerations of problems of quan- 

^^ , tum decoherence, radiation, decay, scattering theory, stochastic limit, derivation of mas- 

f^ \ ter and kinetic equations etc. This expression was obtained in the Weisskopf-Wigner 

On ' approximation and in the van Hove (stochastic) limit. We derive the exact general for- 

mula which includes the higher order corrections to the above approximate expression: 



i-S^ \ < U{t) >= eyiY){At + B A- C {t)) . The constants A and B and the oscillating function C{t) 

ii' are computed in perturbation theory. The method of perturbation of spectra and renor- 

pH . malized wave operators is used. The formula is valid for a general class of Hamiltonians 

Cd \ used in statistical physics and quantum field theory. 
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1 Introduction 



The study of the large time behaviour of the evolution operator in statistical physics and 
quantum field theory is the subject of numerous investigations. The basic object to study in 
quantum field theory is the scattering matrix. The physical idea behind the scattering matrix 
approach is that in the scattering processes there exists a characteristic time scale such that in a 
time regime larger then this time scale one can neglect interaction and particles evolve according 
to the free dynamics [^ . However, due to the infinite number of degrees of freedom in quantum 
field theory asymptotic dynamics is not simply governed by the free Hamiltonian. There are 
effects of renormalization of vacuum energy and one particle states and the asymptotic states 
become in fact the states of dressed particles f^. Therefore one has to deal with renormalized, 
or dressed wave operators |^, ^ ^, p. In this paper we will use the method of renormalized 
wave operators to compute matrix elements of the evolution operator for finite time. 

There are many important problems in quantum field theory where we are interested in the 
large but not infinite time and where the standard S'-matrix description is not very convenient 
or even not apphcable. These include processes with unstable particles [|^ ^ (in fact almost 
all particles are unstable), atom-photon interactions 0, elementary particles in "semidressed 
states" with non-equilibrium proper fields [l^, electroweak baryogenesis and phase transitions 
in the early Universe and in high-energy collisions |Tl| , quantum optics []12| , quantum decoher- 
ence (see for example [|l^, |l^, [l^) etc. In the consideration of such processes we are interested 
in the time regime smaller than the "infinite" time when the S'-matrix description becomes ap- 
plicable. The consideration of such processes belongs to non-equilibrium quantum field theory, 



see 



for more discussions. 

In statistical physics there is not just one but several relevant time scales and as a result we 
don't have here a universal method comparable with the S'-matrix approach in quantum field 
theory. One can say that the role of S'-matix approach in non-equilibrium statistical physics 
is played by various master and kinetic equations. Various methods of consideration of time 



evolution for classical and quantum systems have been developed by Bogoliubov [|T6] , Weisskopf 
and Wigner (see [§]), van Hove JTSf, Prigogine [|l^ and many others, for a review see for example 



20, 21 



A general method in non-equilibrium statistical physics and quantum field theory is the 
method of stochastic limit, see p2| , p3| . The idea of this method is the systematic application 
of the A^t-limit and quantum stochastic differential equations. One considers the evolution 
operator U{t) of quantum system for small coupling constant A and large time t. The limit 



A-^0, 



t 



oo, 



A^t = fixed = r 



:i-i) 



has been considered by Bogoliubov |T^, Friedrichs [jT^ and van Hove ITSf. In the quantum 



theory of open systems, the limit ( |1 . ![ ) is known as the van Hove or the X^t limit. 

In this paper we study corrections to the (van Hove) stochastic limit. For this purpose a 
general formula for the matrix elements of the evolution operator is obtained. This formula is 
used for the investigation of the large time and small coupling constant asymptotic behaviour. 
We consider a very general class of Hamiltonians used in solid state physics and quantum field 
theory 

H = Ho + XV, (1.2) 



where Hq is a free Hamiltonian, V describes an interaction and A is the couphng constant. 

It is well known that the large time behaviour of the vacuum expectation value of the 
evolution operator 

U{t) = e'*^°e-'*^, (1.3) 

is given by 

{Uit)) ^ e'^*, (1.4) 

where a is a constant. This expression can be obtained in the Weisskopf-Wigner approximation 
§ or in the van Hove (stochastic) limit. In this paper we obtain the following exact general 
formula valid for any time t 

(f/(t)) = e^^*+^+^W. (1.5) 

Here A and B are constants for which a representation in perturbation theory will be given and 
C{t) is a function which under rather general assumptions can be represented for large time t 
as 

C{t) = ^. (1.6) 

Here f{t) is a bounded oscillating function and the exponent a depends on the model and on 
the dimension of space (a = 3/2 for the physical 3-dimensional space and for a general class of 
models). We derive the main formula ( |1.5|) by using the theory of perturbation of spectra and 
renormalized wave operators. 

One of the remarkable features of quantum mechanics which most distinguishes it from 
classical mechanics is the coherent superposition of physical states. The important point is 
the physical distinction between the coherent superposition of states and the classical mixture, 
see for example [|I^, |T3[. In particular the maintenance of quantum coherence is a crucial 
requirement of the ability of quantum computers to be more efficient in certain problems than 
classical computers (see for example WM and refs therein). Any state of a quantum system 



can be described by the off-diagonal elements of the density operator. In fact the dominant 
contribution for large time to any matrix element of the evolution operator comes from vacuum 
and if 3fJa < in ( p..4[ ) then one has the exponential decay. The constant a is a function of 
the coupling constant and other parameters of the model. To suppress decoherence we would 
like to have the regime with 9fJa = 0. In such a case we have to investigate corrections to the 
approximate expression (|1.4| ). The solution of this problem is given in this paper and it is 
presented in ([1.5|). 

Expectation value in ( p..5|) is taken over vacuum. For the case of one-particle states we 
obtain 

{p\Uit)\p') = e^^(p)*+^(p)+^(*'P)5(p -p'). (1.7) 

The formulae ( |1.5| ) and ( |1.7| ) have a very general character. We prove ( |1.5| ) in Section 3 



for a very general class of Hamiltonians. From this formula one gets the stochastic limit of 
evolution operator 

(f/(r/A2)) = e^^-(l + o(A)), (1.8) 

as well as corrections to stochastic limit 

([/(r/A^)) = ^^A2r+XHB2+^rA,)+o{X^)_ ^^g^ 



In Section 4 we calculate corrections to the stochastic limit for the one particle matrix 
elements of the evolution operator for the case of translation invariant Hamiltonians 

{p\U{t/\^)\p') = e^^2(p)-(l + \\B2{p) + itA^{p)) + o{\^))5{p - p') (1.10) 

The class of considered Hamiltonians includes the Bose and Fermi gases, phonon self- 
interaction and electron-phonon interaction, quantum electrodynamics in external fields etc. 

We give two independent derivations of formula ( |1.5D and ( [1.101 ). The first method consists 
in the direct examination of perturbation theory. The second one uses powerful results of 
spectral theory and renormalized wave operators ^. Although the second method is simpler 
we present both of them since the first one can be used also in the case of decay when the 
results of the standard scattering theory are not applicable. 

2 Notations and auxiliary results 
2.1 Hamiltonians 



We consider Hamiltonians of the form (|1.2| ) where Hq is a free Hamiltonian 



Ho = J2ju;,{k)a*{k)a,{k)d''k (2.1) 

i 

and V is the sum of Wick monomials. Creation and annihilation operators a*{k), ai{k) describe 
particles or quasiparticles and they satisfy the commutation or anticommutation relations 

[a,{k),a]{k')]± = 5i,5{k-k') (2.2) 

Here k,k & R^ and i,j = 1, .., A^ label the finite number of different types of (quasi)particles. 
Examples of one-particle energy uji{k) include the relativistic {uj{k) = (fc^ -|- m^)^/^) and non- 
relativistic {uj{k) = fc^/2 — cuq) laws, the Bogoliubov spectrum {uj{k) = {bk^ + k'^v{k)Y^'^), the 
Fermi quasiparticle spectrum {uj{k) = \k'^/2m — yu|) etc. 

We consider two different types of Wick polynomials. The first type describes an interaction 
in the case when there is not the translation invariance 

„ I J 

^ = 11 I ^(Pi'^i • • -Pi^iikiJi ■ ■■(lJ,Jj)Y[al{pi)dpi n ajX(ir)dqr (2.3) 

I,J ■' l=\ r=\ 

were v{j)\. . .pi\q\. . . qj) are some test functions. 

The second type is described by the translation invariant Hamiltonian 

V = J2Vi^j = J2 v{pi,ii, . . .pi,ii\qi,ji . . . gj-i, jj_i, Jj) (2.4) 

i,j i,J ■' 

/I J \ I J 

^\Y.Pl~Y.1r)l[ ^l {Pl)dpi n %r {qr)dqr 



I r / 1=1 r=l 



Clearly the delta function causes the trouble and there are singular terms in ( ^.41 ) . Namely, 
Vifi4)n does not belong to the Fock space unless 0„ = 0. This singularity is called the volume 
singularity. To give a meaning to the Hamiltonian with interaction (|2.4| ) one has to introduce a 
volume cut-off, then perform the vacuum renormalization and vacuum dressing and only after 
that remove the cut-off. This procedure defines the hamiltonian in a new space (see [^ ^ 
for details). To avoid this difficulty in this paper we will assume that for translation invariant 
interaction there are no pure creation and annihilation terms. 

2.2 Evolution operator 

We will investigate the evolution operator 

[/(t) = e'*^«e-'*(^o+^^). (2.5) 

In perturbation theory the evolution operator ( |2.5| ) has the representation 



U{t) = l-iX f V{ti)dti + {-tXy f dti f dt2V{ti)V{t2) + . . . (2.6) 

Jo Jo Jo 



where 

V{t) = e^*^oye-**-^« 

We will also use the evolution operator with the adiabatic cut-off 



U,{t) = 1 - a / V,{t)U,{t)dt (2.7) 

Jo 



In this case one also has the perturbation series 

'' V,{t)dt + {-iXf f dti f' 
/o Jo Jo 



u,{t) = i-i\ f v,{t)dt + {-ixf t dt, r cit2K(ti)V;(t2) + ■ ■ ■ • (2.^ 

Jo Jo Jo 



We will use for Vj^j the diagram representation. The corresponding diagram has one vertex 
and / lines going from the vertex to the left and J lines going to the right. The first / lines 
represent creation operators and the last J lines represent annihilation operators. In what 
follows we will use the Wick theorem: 

min{J,Ar} 

Vi,jWn,m=-Vi,jWn,m-+ E Vij^o^Wn,m- (2-9) 

The kernel of the Wick monomial : Vj^jWisf^M '■ is 

vi,j®wn,m (2.10) 

and Vjj — o — Wn,m is the Wick monomial 



Vi,j-o-W^ 



N,M 



I+N-s 



J+M-s 



W {dpra*{pr))- Yl {dqia{qi))CjC'j^t\ Y[dkr{vo,w){ki,...kr,Pi,---;qi---) 

r=l 1=1 '' r=l 

(2.11) 
with the following kernel 

(v o^ w){ki, ...kr,pi, ...; gi...) = (2.12) 

vi,j{pi, ■■■,Pi; ki, ...ks, gi, ...qj.s)wN,M{ki, ...ks;pi+i, ...,pi+N-i, qjs+i, ...gj-s+jv/)- 

Below we will drop out the symbol s in o^ and to specify the concrete form of contractions will 
refer to corresponding diagrams. 

The equality ( |2.9| ) for the 4-point interaction has the diagram representation as shown on 
Fig. |. 






Figure 1: Graphs representation of (|2^ ) 

We will use also the following notations. The line of the graph is called the internal if it 
connects two vertices of the graph. A graph is the connected graph if all its vertices are con- 
nected by a set of internal lines otherwise it is called the disconnected one. A connected graph 
is called the one-particle reducible (IPR) if after the removing a line it becomes disconnected. 
A connected graph is called the one-particle irreducible (IPI) if after the removing any line it 
is still connected. 

The following "linked cluster theorem" [Q will be used: 



where 



U{t) =: e 



Ucit) = Y.i-tXr dh... 



Uc{t) 



(2.13) 



dtn{V{t^)...V{tn)), 



Here the index c in Uc indicates that one takes only the connected diagrams. 

The similar relation is true for evolution operator with the adiabatic cutoff. 

Below for simplicity of notations we consider interactions with the only one type of particles, 
but the main results are valid for arbitrary number of types of particles. 



3 Evolution operator for non-translation invariant Hamil- 
tonians 

3.1 Second order 



For the vacuum matrix element of the evolution operator we obtain from ( p. 131) the represen- 
tation: 

(0|[/(t)|0) = e^(*) (3.1) 

where 

£it) = {0\{-iX f dhV{t) + {-i\f f dt^ r dt2V{t{)V{t2) + ...)c\Q). (3.2) 

JO Jo Jo 

Here the symbol (...)c means that we keep only connected diagrams. 

Representation (|3.1|) , ( ^^ permits us to calculate the leading terms of the asymptotic 
behaviour of the matrix elements of the evolution operator for large time t as well the corrections 
to the leading terms. In fact we will show that £{t) has the following form 

£{t) = At + B + C{t) (3.3) 

where one has the perturbative expansions 

A = A2A2 + A% + ..., B = \^B2 + \^B^ + ..., C{t) = \^C2{t) + \'C-i{t) + ... (3.4) 

and Cnit) vanishes for large t. 

Let us find explicitly these terms in the second order of perturbation theory for the Hamil- 
tonian 

H = Ho + XV, (3.5) 

where 

Ho = J uj{p)a*{p)a{p)dp (3.6) 

and the interaction has the form 

V = {v{pi, ...,pn)a*{pi)...a*{pn) + c.c.).dpi...dpn (3.7) 

Here oj{p) is a positive smooth function, for example uj{p) = y/p'^ + m'^, m > and v{pi, ...,Pn) 
is a test function. For this interaction the first term in ( |3.2| ) is identically zero. The second 
term in (|3.2|) equals to 

£^'\t) = {-^\Y fdp,...dpMPi,-,Pn)\' fdt, r rft2e^*i^i+^*^^^ (3.8) 

J Jo Jo 

where 

n 

E2 = -E, = E(pi,...,p„) = Y^^iPi) (3-9) 



By using the equality 



^ dt, j^ *,e-'««'"- =-^ + ^- ;^e-'- (3.10) 



we get 

£^'\t) = {-t\f J dp,...dpMPi, -.Pnn-^t + -1 - i^e-*^) (3.11) 

Therefore we obtain the expression of the form ( |3.3|) 



S{t) = X^A2t + \^B2 + \^C2{t) + ... (3.12) 

where 

A, = il l^(Pi^->P^)l' ^p^...^p^^ (3.13) 

J E(pi,...,p„) 

i?2 = -/ '!,^,^^'-'^"^'' c^p,...dp., (3.14) 

C2{t) = f ^^i^-^^^^e-^*^(^-'^")dpi...dp„ (3.15) 

J I^[Pi,...,Pnr 

We have obtained the following 

Theorem 1. The vacuum expectation value of the evolution operator for the Hamiltonian 
(|3.5|) in the second order of perturbation theory has the form 



< t/(t) >= e^'^^*+"'^^+^'^^W (3.16) 



where A2, B2 and C2(t) are given by (g7[3D , (|3l^) and ( ^JfSl ). 



Remark. By using the stationary phase method one can prove that the function C2{t) 
vanishes as t ^ 00 (see below). 

3.2 Decay 

We have proved theorem 1 under the assumption uj{p) > 0. However the obtained formula 
(|3.16| ) is valid in the more general case when one has the decay. In this case formula (|3.16|) still 



is true but in the expressions ( p3.13| )-( PTT3D one has to substitute E -^ E — iO. Let us consider 
the important case when 

^(P) = Y ^ ^0' ^0 > (3.17) 

Instead of ( |3.10| ) we will use now the identity 

ft i-ti ., ^ i-t 



We have 



/ rfti / ' rftse*^*^"*^^'' = t f {I- -)e-'''''da. (3.18) 

JO Jo Jo t 



£i^){t) = {-i\f I dp,..ApMPi,---,Pn)\' J^ dt^ 1^' dt2e'('--'^^^^^^'--'P-^ (3.19) 



2+ f rlrrt^ - -") [ rlr,, rlr, U,('r,, n ^| 1 2^-i<T£;{pi,...,p„) 



-A t I da{l - -) J dpi...dpn\v{pi, ...,Pn)\ e" 



where 



A2{t) = - [ daF{a), B2{t) = [ daaF{a) (3.20) 

Jo Jo 



and 

F{a) = / dp,...dpMPi, ...,Pn)|'e-*'^^(Pi'-'P"). (3.2i; 



By using the stationary phase method we obtain the following asymptotic behaviour of the 
function F{a) as a —>■ oo: 

F{a) = (^)'^-/2e— o|t;(0)ni + o(-)]. 
a a 

Therefore for dn > 3 there exist the limits 

("OO 

lim A2{t) = A2 = - daF{a) (3.22) 

hm B2{t) = B2= daaF{a) 



because there exists the limit 

lim /%--oi^ 



Moreover one has 



lo-) + o(-~ 



/■OO 1 /"OO 

A2{t) = - / daFia) + oi-), B2{t) = / daaF{c 
Jo t"^ Jo 

If (in > 5 one gets also 

5. = -/dp,...dp„ , l"'"'-^""' . (3.24) 

J (E(pi,...,p„) -20)2 



Indeed one has 



/•oo roc 

A2 = - daF{a) = - lim / daF{a)e 

Jo e-*OJo 



This is true due to the Lebesgue theorem since |F(o")e~'^''| < |-F(cr)| and F{a) G Li(_R+) (Li 
is the space of absolute integrable functions) if nd > 3. Substituting in the above formula the 
representation ( p.21|) and changing the order of integrations (we can do this due to the Fubini 



theorem since for positive e the function \v{pi, ...,pn)\'^e «'^(^(piv.Pn) «e) belongs to the space 
Li(i?_|. X K^'^) of absolute integrable functions), we can perform the integration over a explicitly 



V{pi,...,pn)\'^ . /• \v{pi,...,Pn)\ 



A2 = lim(i) / dpi...dpn-pr, — " — - = i / dpi...dpn 

e->0 J E{pi,...,Pn)-lt J 



E{pi,...,pn) -iO' 



The same calculation is true for B2 with the more strong assumption : dn > 5, 



B2 = da(jF{a) = lim / daa / dpi...dpn\v{pi, ...,Pn)\'^e 

Jo s^OJo 



lim / dpi...dpnjr- — 



v{Pl,--,Pn)? 



dpi...dpn 



2^-i(j{E{pi,...,p„)-i€) 
V{pi,...,pn)\'^ 



,Pn]-i^r J ' ' {E{pi,...,pn) -ioy 

We have proved the following theorem. 

Theorem 2. The asymptotic behaviour as t ^ 00 of the vacuum expectation value of the 
evolution operator for the Hamiltonian (|3.5|) with the dispersion low (|3.171 ) in the second order 
of perturbation theory is 



< U{t) >= e 



\^A2t+X^B2+\^o{l/t) 



(3.25) 



where A2 and B2 are given by p.22| ) (or ( |3.23D and ( |3.24| )). After the rescaling t -^ t/X^ one 
gets the A^ corrections to the stochastic limit 



<[/(t/A2)>=e^^*+^'^^+^'°(^'/*). 



(3.26) 



3.3 Example 

We discuss here the evolution operator for the simple explicitly solvable model described by 
the Hamiltonian 



H = / uj{k)a+{k)a{k)d'^k + A / {a{k)v{k) + a*{k)v{k))d'^k. 



(3.27) 



We will see that the vacuum expectation value of the evolution operator has the form obtained 
in theorems 1 and 2. Under assumptions 



A = AM2 = ty I ^-^^d'k < 00, B = \'B2 = -\' ^ '''^^^'' 



d k < 00 



(3.28) 



Lu{k) ' ' J uj\k) 

one has the following 
Proposition 1. The vacuum expectation value of the evolution operator U{t) = e^^^° ^-^tH jg 



{U{t)) = exp 



At + B + X^ dk 



r(^)l ^-Mk)t 



Uj\k) 



(3.29) 



Proof . It follows from the explicit solution 



H = W*{Ha + Eo)W, Eo = -J 



\v{k)\' 

Uj{k) 



■dk. 



(3.30) 



, , ,a*(k)v(k) - a(k)v(k)) „ , f a*(k)v(k) ,, , f a(k)v(k)) ,, r,,^ 

W = expX ' ^ ' ^ \ ^ ' ^ " dk = exp A / ^ /, , ' dkexp -A / ^ \\ " dke^^^ 



uj{k) 
From Proposition 1 we obtain 



uj{k) 



uj{k) 



10 



Proposition 2. The asymptotic behaviour of the expectation value ( |3.29| ) for t — i> oo has the 
form 

At 



{U{t)) = exp 



\tj CJ^(fco) 



(3.3i; 



where k^ is a critical point, Va;(/i;o) = and we assume there is only one nondegenerate critical 
point. 



Proof. It follows immediately from ( p.29| ) by using the stationary phase method. 

Remark 1. After the rescaling t -^ t/\^ we get from ( |3.31|) corrections to the stochastic limit 

d 

\2\ 2 . L,n. M2 



{U{t/y)) = exp 



A.t + B + X'i-Y (2z7r)f M^ . .— (fcoWA^ 



■ e 



+ 



(3.32) 



Remark 2. One can take for example 

vik)=Luik)fik), 

k^ 
^i^) = ^ ^0 , uJo> 

where f{k) is a test function. Then the assumptions (|3.28|) are satisfied 



B = -X' I \fik)\'d''k , A = a^ / ( y - ^o) |/(A:)| Vfc 



the critical point /cq = and ( |3.32| ) has the form 



{U{t)) = exp 



At + B + X^i-Y (227r)^|/(0)|V"o* + 



Remark 3. If uj{k) = k"^ — ujq and v{k) is an arbitrary test function then one has the decay. 
We can not use in this case the diagonalization of the Hamiltonian ( p.27| ) but the formula (|3.1| ) 
still is true. We have 

< U{t) >= exp[-A2 f'dh r dt2 I d%v{k)\''e'^'^'''^^^^^] = exp[XHA2{t) + A^fialt)] 

where 

A2(t) = - f daF{a), BiU) = f daaF{a) 
Jo Jo 

and 

F{a)= f d'^k\v{k)\^e~"'''^^^ 

By using this representation and the expansion 



„, , ,2i7r,d, 
F{a) = {—)^\v 
a 



2iauj(0) I 



l + o(-)) 
a 
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we compute corrections to the stochastic hniit. Notice also that the stochastic hmit 

rt rt\ rt rO poo 

lim A^ / dti / dt2F{ti - ta) = lim dr daF{-a) = t / daF{a) 

exists in any dimension d = 1,2, .... 

3.4 Higher orders 

To formulate the theorem about the asymptotic behaviour of the vacuum expectation value of 
the evolution operator it is convenient to use the Friedrichs F - operation 

T{V) = lim i-i) / e-''e''^''Ve-''^°dt (3.33) 

acting to the monomials as 

. I J 

r(V/,j) = j {Tv){pi,ii . . .pi,ii\qi,ji . . .qj,jj)\{al{pi)dpi\{ajXqr)dqr (3.34) 

-' 1=1 r=l 

where 

.-P w . ., . .^ v{pi,ii...pi,ii\qi,ji...qj,jj) 
{Tv){pi,H . . .pi,ii\qi,]i . . . qj,]j) = —j — -j . 

J2l=l ^l[Pl) - Er=l ^r[Pr) + «0 

It has the property 

[H^,V^{y)] = V. (3.35) 

The following theorem gives a very effective exact representation for the vacuum expectation 
value of the evolution operator. 

Theorem 3. Vacuum expectation value of the evolution operator for the Hamiltonian 
has the following representation 



where 



< U{t) >= e^*+^+^W (3.36) 



A = tY: X^O\iVTiV...TiV)...))UO), (3.37) 

n=2 ' " ' 



oo oo 



and 



5 = EA"E(-1^' E (0|(VF,,...VF,J,|0), (3.38) 

n=2 1=2 ki + ...+ki=n 

W„ = T{V...T{V)...) (3.39) 
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The function C{t) is given by the sum of terms of the form 

/ (ip...e'*S'=i^^ T{va o ...T{v,2o)...) Tivi^ o ...Tiv,,o)...) ... r(i;,5 o ...T{v,e)...){p, •••)• (3-40) 
J , ^^ , ■- ^ . ' 



'^i+i 



To prove this Theorem let us consider one of the terms representing the n-th order of the 
perturbation theory with adiabatic parameter e > 

Jdp...£!r\p,...)= (3.41) 

(-ar fdp... fdti r dh... ^"'rft„eS.(^^'=*'=-*'=)(^;,^o...o^;,J(p...), 
J Jo JO Jo 

Integrating over t„ one gets two terms. One contains e*-^"*""^ and the other contains 1. 
Together with the factor coming from l^(t„_i) the exponent e*^"*"~^ yields to e*^"~^*""\ where 
Sn-i = En + En-i is the total energy of the hues crossed by n — 1-cut (see Fig.||). 




Figure 2: Diagram with energy-cuts 

Therefore, the contribution coming from the upper bounds of integration over tn,---t2 is 
equal to e*^^*^ where 82 = Y^^=2^k- It is evident that £2 = —Ei and therefore the integrand 
does not depend on ti and intergration of this terms over ti produces 



t 



All these terms correspond to 



/ dp...{v o T{v o ...r(t>o)...)(p. 



t(o|(vr(K.T(\/)...)),|o). 



(3.42) 



(3.43) 



Or, in other words, we have proved that contributions from the upper bounds produce the 
linear in t terms. To prove that the term ( |3.43| ) gives the leading term in asymptotic expansion 
we have to prove that the rest terms are of order 1 when t ^ 00. Or in other words we have to 
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prove that the terms which contain at least one contribution from the down bound are of order 
1. 

To make more clear the proof we present in Appendix A an explicit calculation of Sq up to 
the fourth order of the perturbation theory. 

Let us first consider contribution from only one the lower bound. For example, the integra- 
tion over ti of the term produced by the low bound of integration over tk+i and all other upper 
bounds gives: 

[dp... [ ' dtie'^'=i^'^'{v o T{v o ...T{vo)...) T{v o ...T{v)...)){p...) = 

J Jo ^ V "■ V ' 



n—k 



; [ dp...[e'^^i-i^' - l]{T{v o T{v o ...T{vo)...)) T{v o ...T{v)...)){p...). 



(3.44) 



k n—k 

We see that ( p.44|) gives a contribution to terms in ( p.2|) that do not depend on t. All these 
contributions from the down bound of integration over tk and ti and all other upper bounds 
sum up to the following expression 



(o|(ry(r(v...r(\/)...))r(v...r(y)...)),|o). 



n—k 



Let us note the obvious difference between 

T{V...T{V)...)T{V...T{V)...) and T{V...T{V)...) . 



(3.45) 



(3.46) 



k+i 



This expression can be presented on graphs, see Fig.^. On the graph the directions of ap- 
plications of r operators are indicated by brackets. The term in ( p. 44 ) with e**^'=i^' produces 
the decreasing contribution as t -^ oo since we have Y.f=i Ei > 0. 



E \ E \ E , i ! E \ E - 6 

1 \ 2 '\ 3 / ,' ) 4 '.5 



Figure 3: Diagram corresponding to T {VT (VT {V)))T (VT {VT (V))) 
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For the n-th order of perturbation theory the terms corresponding to contributions of / lower 
bounds have the following structure 

/dp...[e**S'=i^^ - 1] T{v o ...T{vo)...) T{v o ...r(f o)...) ... T{v o ...T{v)...){p, ...) (3.47) 

fcl fe2 fcj + i 

Z]i=i ^i = IT'- AH these terms either contain oscillator factors or give the constant factors. The 
constant factors can be sum up to expressions 

{-Y < 0\{T{V...T{V)...) T{V...T{V)...) ... T{V...T{V)...))c\0 > . (3.48) 

v "■ V ' ^^ V ' 

fel fe2 fci+1 

Therefore we have shown that 

£o = tA + B + C{t), (3.49) 

where A is given in perturbation theory by (|3.371 ) and B is given by 

5 = E^"E E {-iy-'{OmV...T{V)...)T{V...T{V)...)...T{V...T{V)...)UO). (3.50) 

n I ki+...ki=n 2 ^ ^ 

fel ft2 K( 

The function C{t) is the sum of terms of the form 

/rfp...e^*S*=i^^- T{v o ...r(t;o)...) r(t; o ...r(f o)...) ... T{v o ...r(t;)...)(p, ...). (3.51) 

These terms vanish as t ^ oo because Y,i=i Ek ^ 0- 



fcl fc2 fc;4 



3.5 Wave operators and the main formula 

In this section we show how the spectral theory and renormalized wave operators can be used 
for the derivation of the main formula. In particular explicit expressions for the parameters 
A, B and C{t) will be obtained. 



We consider the Hamiltonian ( |2.3| ) for one type of particles with uj{p) = ^/p^ + m^, m > 
in the space R^, d > 2. We will work with the formal perturbation series for the evolution 
operator. In fact if the interaction ( p.3|) includes only fermionic operators or it is linear in 
bosonic operators then one can prove that the series are absolutely convergent. The following 
operator plays the crucial role in the scattering theory 

oo 

T =: exp ^(-A)"r(V..T(\/)...)z. : (3.52) 

n=l 

Here ()l means that only connected non-vacuum diagrams are included. The operator T is 
equal in fact to the non-vacuum part of the conjugate wave operator : 

T = limlimf/;(t)/<f/;(t) > 
15 



One has the following relations |^: 

HT = T{Ho + Eo), (3.53) 

oo 

Eo = E(-^r^' < VTiV...TiV)...), >, 



n=l 



Z-^ = ||T$o|p 

We will use these relations to derive the main formula for matrix elements of the evolution 
operator and in particular to compute corrections to the stochastic limit. 
From ( p.53|) it follows 

H = T{Ho + Eo)T*e^ 

where 

B = lnZ (3.54) 

Therefore one has 

U{t) = e'*^«e-'*^ = e^*^»Te-^*(^«+^°)r*e^ = e^*+^e^*^«Te-^*^«T* (3.55) 

where 

A = -iEo (3.56) 

By taking the expectation value of the equality (|3.55| ) we obtain 

< ^, [/(t)V^ >= e^*+^+^W (3.57) 

where 

If ip is the vacuum vector then one can prove that C(t) ^ as t ^ oo and we obtain the main 
formula ( p.36| ). If ■?/' is a non- vacuum vector then the asymptotic behaviour of C(t) is more 
complicated. We have proved the following theorem. 

Theorem 4. If the Hamiltonian satisfies the indicated above assumptions then there exists 
the following representation for the vacuum expectation value of the evolution operator 

<$o,f/(t)$o>=e^*+^+^« 

where constants A and B are given by (|3.5CI|) and ( p.38| ) and C(t) is defined as 



e^^*^ =<<l>o,r(t)T*$o >, T(t) = e**''°Te-**''« (3.58) 

here the weak limit of T(t) as t — i> oo is equal to 1 and limt^oo C{t) = 0. 

This theorem is closely related with the theorem 3 and it shows the physical meaning of 
constants A,B and the function C{t). 
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4 One particle matrix element of the evolution operator 
for translation invariant Hamiltonian 

In this section we study the asymptotic behaviour of one particle matrix elements of evolution 
operator 

<p\U{t,X)\p'>=6{p-p')U^,^{t,p,X), (4.1) 



for translation invariant Hamiltonian ( |2.4| ) without vacuum polarization, i.e. when V/o = Vqj = 
0, and we assume also Vi,i = 0. We will prove the following 

Theorem 5. For tA^=fixed =r and small A^ one has the following representation 

f/i,i(t,p, A) = exp{tTA2ip)}il + tX^rA^ip) + X^B^^p) + o{X^)) (4.2) 

where 

A2{p) = iVTiV))^,,ip) (4.3) 

B2ip) = iVT'iV))^,^ip) (4.4) 

A,{p) = Al^'{p) + Al^^{p), 

Anp) = {VT{VT{VT{VmZ\p) (4.5) 

Al^^ip) = {VT{V){VT'{VmZ^{p) (4.6) 

Here subscript i^i means that we left only connected diagrams in the corresponding expres- 
sion with one creations and one annihilation operator and we take only the coefficient in front 
of 6{p — p'), 

<p\0\p'>=0i,i{p)5{p-p') (4.7) 

Remark 1. We will give the proof of Theorem 5 for the Hamiltonian of the form 

H = uj{p)a^{p)a{p)dp + X {v{p, q)a^ {q)a^ {p — q)a{p) + c.c.)dpdq. (4.8) 



Generalization to the Hamiltonians in the general form (|2.4|) is obvious and the suitable com- 
ments will be given below. 

Remark 2. In fact the following representation is true 

?7i,i(t,p, A) = exp{zM(p, A) + B{p, A)} (1 + C(t,p, A)) (4.9) 

where A{p^ A), B{p, A) and C{t,p, A) are formal series in A 

oo oo oo 

A(p,A) = ^AM„(p), i?(p,A) = ^A"5„(p), C(t,p,A) = ^A"a(t,p) (4.10) 

n=l n=l n=l 
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and functions Cn(t,p) vanish as t -^ cx). In the case of < p|V"|p' >= , Ai = 0, , Bi = and 
low order terms in these series are given by ([4.3|), (|4.4|) and 



C2{t,p) = (e^*^«\/e-^*^°r2(\/))i,i(p). (4.11) 



We will give the proof of (|4.2| ) in the next section using the methods of scattering theory. This 



proof assumes that one has not decay. 



Remark 3. Representation ( [4.2[ ) means a special dependence of Ui^i{t, \,p) on t. Namely 
it says that (2n)-order on A of f/i,i(t, \,p) 

f/i,i(t,A,p) = EA'"t/g"^(t,p), 

n 

can be represent as 

n 

Uif\t,p) = Y.t' Uif'\p) + r„(t,p) (4.12) 

fc=0 

with Tnit) — > for t — > oo. 

Remark 4. Performing the stochastic limit we get 

Ui,i{t/X'^,p) ^expiTA2{p) as A ^ 0, (4.13) 

i.e. the stochastic limit of one particle matrix elements of evolution operator, f/(r/A^), for 
translation invariant Hamiltonian without vacuum polarization is given by the simple second 
order diagram (Fig.^. This result takes place for arbitrary interaction ( |2.4| ) and the answer 
can be representing in the form 

f/l,l(r/A^p)-.expMy^(\/))^(p)} as A ^ 0. (4.14) 

Here the symbol (...)i i means that we left only connected diagrams in \^r(y) with one creations 
and one annihilation operator corresponding to the same type of particles. 



p-q 



Figure 4: The second order mass renormalization diagram 



Remark 5. There are two sources of corrections to the stochastic limit. One is the terms 
in the second order approximation of f/i i (t) which does not depend on t, i.e. it corresponds to 
diagram Fig.^ . There are also corrections to the leading terms of the stochastic limit which 
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come from 4-th order terms with hnear dependence on t. These corrections come from the 4-th 
order IPI diagrams such as shown on Fig.^ (see for details Appendix where we show that 
contributions of these diagrams include the terms proportional to t and after rescaling produce 
a factor rA^). 

Ui^i{T/X^,p)-^exp{iTA2{p)}[l + X^{iTA4{p)it + B2{p))] as A -^ 0. (4.15) 




^3 ^4 




Figure 5: The 4-order IPI mass renormalization diagrams 



Remark 6. Let us note that ^2(p) in ( [4.3|) is positive in the case when we assume that 



there is no decay in the model. For Hamiltonian ( |4.8| ) the explicit expression for A2{p) is 

Mp)= fdq{vorv){p,q), (4.16) 



where 

ivoTv)ip,q) = — \pM^ (4.17) 

^ '^'^'^' uj{p-q)+u{q)-uj{p) 

We see that for the typical example uj{q) = 1/5^"+"^ the denominator in ( |4.17|) does not 
vanish. In the case of different particles, say, 3 different particles (Lee model) 

H = uOa{p)ci^{p)a{p)dp+ / ujb{p)b'^{p)b{p)dp+ / uOc{p)c^{p)c{p)dp + (4.18) 

A / dpdq{v{p, q){a^{q)b^{p — q)c{p) + c.c.) 
we have the e-prescription for the denominator 

Mp) = fdq — J!%i^ (4.19) 

and if one has a decay then A2{p) gets the imaginary part. 

Proof. Now let us prove the Theorem 5. Let us first make calculations up to the second 
order Q. There is one the second-order diagram (Fig.^) and it gives : 

l^2{t,p,q) = HXf fdt, r dt2\v{p,q)\'e'^^^-''+'^^ = 
Jo Jo 



^ An explicit calculation of Ui,i{t,p, A) up to 4-th order is presented in Appendix B 
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p-q 



p — k 



Figure 6: Reducible mass renormalization diagram with two irreducible mass insertions 



itX'{voTv){p,q)-X\voT'v){p,q){l-e''''') 



(4.20) 



where Ei = —E2, E2 = uj{k) + uj{p — k) — uj{p). Here and below for simplicity of writing only 
the kernel Ui^i(T,p, gi, ...) of Ui^i{t,p) is written, 

Ui^i\t,P) = J dqi...dqrU2n{t,p,qi, ...qr)- (4.21) 

In the case of a general Hamiltonian instead of ( |4.20| ) one has 

f/g(t,p) = itX\VT{y)\,i{p) - \\VT\V)\,i{p) + A2(e^^«Ve-^^°*r2(\/))i,i(p). (4.22) 

We will give the proof by induction. We already has proved the claim of the theorem at 
the second order of perturbation theory. Let us suppose that the IPR diagrams including n 
irreducible second order mass insertions (see Fig.0) have the following behaviour 



Figure 7: IPR mass renormalization diagram with n irreducible 2-order insertions 



.-H«..v.. _ miA-{p) + ^^^B2ip)Ar\p) + 



U^Ti^^P) 



n\ 



(4.23) 



{n-l)\ 

Here down index means the order in A and index n in upper script means the number of 
irreducible insertions and dots means low order on T. 

We also assume that the IPR diagrams which include {n — 2) irreducible second order mass 
insertions and one irreducible 4-th order mass insertion (see Fig.H) have the following behaviour 



jrlP{n-l)R 



'2n 



mp) 



[it) 



n-l 



(n-2)! 
20 



AY\p)Ar\p) + . 



(4.24) 



n-1 



Figure 8: IPR mass renormalization diagram with (n-1) irreducible 2-order insertions and one 
irreducible 4-order insertion 

IRR diagrams with (n+1) irreducible second order mass insertions (see Fig.|^) have the 
following representation 



j-lP{n+l)R, 



U^i::!)' (t^P) = i-^r / dh / dh / dq\vip,q)\'e 



^0 



\2 iE2{-ti+t2)TAP{n)R 



u. 



2n 



\t2,p), (4.25) 



Using the assumption (|4.23|) and 



t rt 



dti I at2e 
Jo 



^. giE(-ti+t2)^n 



/-n+1 



r n(n - 1) t"-i 



^ 'n + l){iE) {iEf ' n + 1 {iEf 



we see that the RHS of (^.251) has the following behaviour 



(4.26) 



2 /S. [''a. /■^.l... .M2..£;.Mi+t.) r (M^.n. X , !^ 



{-i) I dti / dt2 I dq\v{p,q)\ e 



n-1 



n! "^^^(P) + 'fz^B2{p)Ar\p) + ...] 



{i)'jdq{ 



(^t)"+i \v{p,q)W^, , {^tTHp,q){' 



{itT\v{p,q){^ 



., ^.,, .p ^2(p)- "'^; '7."^v,' ^2(p)+^ "", "^"^^" i?2(p,g)Ar^(p)+.-}, 

2(n+lj! «i^2 ^' (^-C/2) ^^' ^-C/2 

i.e. the contribution of IRR diagrams with in + 1) irreducible second order parts (see Fig.|^) 
has the following asymptotic 



V. 



\P{n^\)R 



2(n+l) 



(i,P) 



(Zt) 



n.+l 



[ity 



( M 1 ^,-^^'(P) + (^ + l)^i?2(p)A^(p) + ... 

(n + 1)! ra! 



Here 



\v{p,qW 



A2ip)=Jdq^-^^^P0^, B2{p) = -Jdq. 
or in the more general case 



I^(P,9)P 
E^ ' 



A2(p) = iVTiV))\^\p), B2ip) = -iVT\V))l^\p) 



(4.27) 
(4.28) 

(4.29) 



Therefore, ( [4. 27] ) is in accordance with ( |4.23| ), i.e. ( [4.23| ) is proved by induction. 

IPR diagrams included (n — 1) irreducible second order mass insertions and one irreducible 
4-th order mass insertion (see Fig.R) have the following representation 



t rti 

JO 



uS:ifit.p) = nr I dt,r dt^ [dq\vip,q)\'e^^^(-'^^'^^u',:^-'^''it2,p)+ (4.30) 
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''^'l dti j^' dh jj dh jj dt^ j dqdq^{v ov ov ov)ir\v.q,qi) e^^ti^A ul^^^^^^^^'iU^p) 
Using 

r* /■*! /-ta /-ts .^4 „ , 1 t"+l 1 



i dti r dt2 f dts f dU t2 e^Sti ^»*« 
JO Jo Jo Jo 



Pn + 1 {Ei){Ei + E^){Ei + ^3 + ^2: 



-, (4.31) 



(|4.26| ) and the assumptions ([4.23|) and ([4.24|) we see that the RHS of ([4.30|) has the following 
behaviour 

{^' [dU j\t, j dq\v{p,q)\\^''^^-'^+'^^[^^^ 



[if fdt, f^dh ^dt, f' dUdqdq,{vovovov)\^,\p,q,q,)e'^lr'^^'^ [^^^^^Ar\p) + ..] 
Jo Jo Jo Jo ' (n — 1)! 



{^ty 



m 



(n-2) 
Here 






n-l 
2 5 



A^ip) = J dqdq,iv o r(U o r{vr{vm\^\p, q, q,) 



or more generally, 



Therefore, 



ipi 1 



Ar{p) = (yv{vviyv{y)))Y^,\p) 



(4.32) 
(4.33) 



jlP{n-l)R 



{ity 



u,[::;r(t^p) = ^^^tMp)Ar\p) 



that is in accordance with assumption ( [4.24| ). 

It is evident that the behaviour ( [4.23| ) and ( [4.24| ) implies ( [4. 21 ) with A2 and B2 as in the 
formulation of Theorem 5. 



4.1 Wave operators and the main formula 

In this section we show how the spectral theory and renormalized wave operators can be used for 
the derivation of the main formula. In particular, explicit recursive relations for the parameters 
An, Bn and C„(t) will be obtained. Note that for this derivation we have to assume that the is 
no decay. 

The intertwining operator T is defined as a solution of the following equation 



Here M has the form 



HT = T{Ho + M), 
M = m{p)a* {p)a{p)dp 



(4.34) 
(4.35) 
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The operator T plays the crucial role in the scattering theory. Its singular part defines the renor- 
malized wave operators. The renormalized wave operators also give a solution of intertwining 
condition. Taking T in the following form 

T=:expW:, W = T{Q) (4.36) 

one gets equations to define Q and M. 

Q + V^T-{V^T)i^i-W -o-M = (4.37) 

M = {V^T)i,i (4.38) 

Here the symbol _L means that for connected A in the operators A_L B all connected parts 
of B are paired with A. If B is connected then A_LB = A — o — B = {AB)c. For a special 
form of the interaction, when Vqi = Vjq = we can write M = {V _L T)i^i = (Kr(Q))i_i. 
Expanding M and Q in the power series in A 

M=Y.\^^M2n, Q = E ^'"^'Q2n+1, (4.39) 

n=l n=l 

we get recursive relations to define M2„ and Q2n+i- Let us compute explicitly the first terms 
solving these equations. We obtain 

Qi = -V (4.40) 

M2 = -iVTV)^,i (4.41) 

Q2 = {VTV), - {VTV)i,, (4.42) 

Q3 = -{VTriVT{V)))c 'Iv^ : T{Vf : +TV - o - M^ (4.43) 

M4 = -{VT{VTr{VT{V)))\^ + {VT\V)M2)r,i (4.44) 

or 

M4 = -iyv{vVr{vv{v)))\^ - (vr2(y)(\/r(\/))i,i)i,i (4.45) 

Here we use the notation 

Tr{Q) = T{Q - gi,i) (4.46) 

One can construct in perturbation theory the operator Z such that 

TT*Z = 1 (4.47) 

In the second order in A 

< p\Z\p' >= (1 + X'^B2ip))6{p - p') (4.48) 

Therefore one has 

Uit) = (.^^^O^-itH ^ ^-UM ^it{Ho+M)rp^-it{Ho+M)rp* ^ (4.49) 

By taking the one particle expectation value of the equality ([4.49|) 

< p\U{t) \p' >= e-^*^(P'^)*Z(p, A)(l + C{p, t, A)) (4.50) 
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where 

il + Cit,p,X))6ip-p') =<p|e^*(^»+^)Te-^*(^«+^'')T*|p'> (4.51) 

and M and T should be computed from the recursive relations. 
We have proved the following 

Theorem 6. For translation invariant Hamiltonians without vacuum polarization the one 
particle matrix elements of evolution operator are given by the formula ([4.5CI|) where functions 
M(p, A) and Z{p,X) are solutions of equations ( [4.36[ )-( ^755D and ( |4.47| ). Function C{t,p,X) is 
defined by ( [4.51|) and it vanishes as t -^ oo. 



5 Conclusion 

We have obtained in this paper the explicit representations for the vacuum and one-particle 
matrix elements of the evolution operator. By using these representations we have computed 
the corrections to the known results for the large time exponential behaviour of these matrix 
elements. This opens the way for further investigations of the large time behaviour in quantum 
theory. In particular the problems of quantum decoherence and decay require the further study 
by using these methods. 
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APPENDIX 



A 4-th order for hamiltonian with vacuum polarization 



For an illustration of the form (|3.47|) of vacuum expactation value of evolution operator we 
present on Fig.^ all contributions to the 4-th order of perturbation theory for vacuum expacta- 
tion value of evolution operator. For simplicity we consider the interaction in the form 



V 



[v{pi,p2P3){a*{pi) + a{pi)){{a*{p2) + a{p2))a*{p3) + a{p3))dpidp2dp3 



(A.l) 



On this example we see once again that only one term from all terms represented on Fig.^ 
has linear dependens on t. This term is represented by bracket-diagram on which all right 
bracked are on the right from the last vertex. 



Diagrams 



Corresponding order of application of F-operator, 
exponential factors and denominators: 




T < 0\VT{VT{VT{V))))\0 >-- 



{vovovov)(p,..) 



T ( fin yvovovov}[:p,..} 

J ^P---(^Ei+E2+E3+E4){E2+E3+EA){Ei+E4)E. 




f dv I'e*^-^^"'"-^^"'"-^^^'^ — n ivovovov){p,..) 



I {Ei+E2+E3+io){E2+E3+io){E3+io)E4 




/rfp...[e^(^i+^2)T _ 1] . Y(jj o T{vo))T{v o T{v)){p, .. 
r ^p rgj(Si+£2)T _ -n . (vovovov){p,..) 



~E2+io){E2+io){E3+E4+io)E4 
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/dp...[e*(^i)^ - l]T(vo)T(voT(voT{v))){p, ..] 

f dp [e**^-^!)^ — 11 ■ {V0V0V0V)(P,..) 



{Ei+io)]{E2+E3+E4+io){E3+E4+io)E4 




Jdp...[e'^^'+^^^^ - 1] ■ T(voT(vo))T{vo)T{v){p, ..] 
f dv [e*('^i+'^2)r _ ]^i . ivovovov)ip,..) 



(E1+E2 +io){E2+io){E3+io)E4 




Jdp...[e'^^^ -1] ■ \T(vo)T(v oT{vo))T{v){p, 

r ^„ \piEiT _ 1 1 i:yovovov)(p,..) 




E ,- \ E 



/ dp...[e'^'^ - 1] ■ r(T;o)r(l;o)r(t; o r{v)){p, 
f dv [e*"^^"^ — 11 ■ ivovovov)(p,..) 



Ei{E2+io){E3+E4+io)E4 
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-Jdp...[e'^'^ - 1] • T(vo)T(vo)T{vo)T{v){p, .. 



i{E2+io){E3+io)E4 



Figure 9: 4-th order diagrams of vacuum expactation value of evolution operator for interaction 



B 4-th order of one particle expactation value of evolu- 
tion operator for translation invariant interaction 



Here we prove the representation ( [4 .21) - ( [4 .61) for one particle matrix elements of evolution 



operator for translation invariant Hamiltonian ( |2.4| ) without vacuum polarization in the 4-th 
order of perturbation theory. We obtain 

A,{p) = Ar{p) + AY'^{p), 
Anp) = {VT{VT{VT{VmZ\p), (B.l) 

Al^^ip) = {VT{V){VT\V)))Z^{p) (B.2) 

There are two one-particle irreducible (IPI) diagrams (Fig. ^ and one one-particle reducible 
(IPI) diagram, (Fig. |^). The contribution of the 4-th order IPI-diagram is 

Wr'^(t,p,g,A;) = (-a)^ r dh r dt2 r dh r'rft4|t^(p,g)r- |t^(p,^)|V^^(*^-*^)e'^^(*^-*3) = 

JO Jo Jo Jo 

{-t\Y t dh r dt2\vip,k)\^e''''^'''''^U2it,p,q) 
Jo Jo 



Substituting here ( |4.20| ) we have 



Ul''^{t){p,q,k) = ^^A2{p,q)A2{p,k) (B.3) 

-iT [B^ip, q)A2{p, k) + Al''''\p, g, k)] + Sf «(p, g, k) + Cr^(t,p, g, k) 

where 

A2{pA) = ivoV{v)){p,q) (B.4) 

Al''''\p,q,k) = {voT{v)){p,q){voV\v)){p,k) (B.5) 
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B^^''''\p,q,k) = [{v oT%v)){p,k){v oT{v)){p,q) + {v oT\v)){p,k)(y oT\v)){p,q)] + 

{v o T{T^{v) o 17) o T{v)){p.q, k) + (v o T{T{v) o u) o T'^{v)){p.q, k) (B.6) 

dl''''\t,p,q,k) = -e^^-^[{voT\v)){pMvoT{v)){p,q) + {voT\v)){pMvoT\v)^^^^ 

e'^'\v o T{T\v) o u) o T{v)){p.q, k) + d'^'^'iv o r(r(w) o u) o r2(t;))(p.g, fc), (B.7) 

here i?i = uj{p) — ci;(g) — ^^(p — q) and i?3 = uj{p) — (^(/c) — ti;(p — k). 
3) can be rewritten in more compact form 



Ul^%){t.P) = ^ Ajip) - It \B^[p)A^{p) + J^r''\p)\ + Bf^'W + C^r^(T,p) (B.8) 

where 

A^{p) = {VT{V)),Ap), 4'''''^(p) = {VT{V)),Ap){VT'{V)),,,{p) (B.9) 



5(i^^)(p) = (l^r^(K))i,i(p)(\/r(K))i,i(p) + {VT'iV))^,^ip)iVT'{V))^,^{p)+ (B.IO) 

To 4-th order of 1-particle average of wave operator give also contributions the IPI diagrams, 
see Fig.^. The leading terms corresponding to these diagrams are of order t. We have 

Ur{t,p) = zt{VT{VT{VT{VmZ'{p) (B.ll) 

Above consideration proves that up to the t^-order the formula ( [4.2[ ) is true. 



28 



References 

[1] N.N. Bogoliubov and D.V. Shirkov, Introduction to the theory of quantum fields, Nauka, 
1973 

[2] S.S. Schweber, An introduction to relativistic quantum field theory , Row, Peterson and 
Co, N.Y. 1961. 

[3] K.O. Friedrichs, Perturbation of Spectra in Hilbert Space, AMS, Providence, 1965 

[4] L.D. Faddeev, Dokladi AN USSR, 152 (1963) 573 

[5] K. Hepp, Theorie de la renormalisation. Springer, 1969. 

[6] I.Ya. Aref eva, Teor. Mat. Fis. 14 (1973) 3 

[7] J. Schwinger, Field theory of unstable particles, Ann. Phys. 9(1960)169-193 

[8] M.L. Goldberger and K.M. Watson, Collision theory, John Wiley & Sons, Inc, New York- 
London- Sydney, 1964 

[9] C Cohen-Tannoudji, J. Dupont-Roc and G. Grinberg, Atom-Photon Interactions, Basic 
Processes and Applications, John Wiley & Sons, Inc., 1992 

[10] E.L. Feinberg, A particle with non- equilibrium proper field, in: Problems of theoretical 
physics. Memorial volume to Igor E. Tamm, Nauka, Moscow, 1972 

[11] V.A. Rubakov and M.E. Shaposhnikov, Elektroweak baryon number non-conservation in 
the early Universe and in high-enegry collisions, Uspehi Fisicheskih nauk, 166 (1996) 493- 
538 

[12] D.F. Walls and G.J. Milburn, Quantum Optics, Springer- Verlag, 1994. 

[13] W.H. Zurek, Phys. Rev. D26(1981)1516 

[14] I.V.Volovich, Models of Quantum Computers and Decoherence Problem, |quant- 



ph/9902055|; Proc. of the International Conference on Quantum Information, Meijo Univ. 



Nagoya, 4-8 Nov. 1997. 

[15] L. Accardi, I.Ya.Aref'eva and I.V.Volovich, Non- Equilibrium Quantum Field Theory and 
Entangled Commutation Relations, |hep-th/9905035| . 

[16] N.N. Bogoliubov, Problems of dynamical theory in statistical physics, Gostehizdat, 1946 

[17] K.O. Friedrichs, On the perturbation of continuous spectra, Comm. Pure Appl. Math. 
1(1948)361-406. 

[18] L. van Hove, Quantum mechanical perturbations giving rise to a transport equation, Phys- 
ica, 21(1955)517-540 



29 



[19] I. Prigogine, Non-equilibrium statistical mechanics Pergamon, 1963, 

[20] D.N. Zubarev, Non- equilibrium statistical thermodynamics, Nauka, Moscow, 1971 

[21] E.M.Lifchiz and L.P.Pitaevskii, Physical kinetics, Nauka, Moscow, 1979 

[22] L. Accardi, S.V.Kozyrev, I.V. Volovich, Dynamics of dissipative two-state systems in the 
stochastic approximation, Phys. Rev. A 57 N. 3 (1997); |quant-ph/9706021 



[23] L. Accardi, Y.G. Lu and I.V. Volovich, Quantum theory and its stochastic limit. Springer, 
(in press) 

[24] I.Ya. Aref eva, Teor. Mat. Fis. 15 (1973) 207. 



30 



